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Abstract 
A finite set system (hypergraph) _F is said to have the Helly property if the members of each 
intersecting subsystem PO’ of &! share an element (i.e. H n H’#Q for all H, H’Es?’ implies 
n HE I, H #8); X is k-uniform if 1 HJ = k for all HEX. In a previous paper, we conjectured that the 
union of r k-uniform Helly families (k>3) on the same n-element set can have at most c:=,(;::) 
members. Here we prove this conjecture for every k and every t Q 2k -2, for n sufficiently large with 
respect to k. 
The main tool is a result (an analogue of the Hilton-Mimer theorem on intersecting k-uniform set 
systems) stating that if the sets in a k-uniform Helly family on n points have an empty intersection, 
then for large n, ~~(<(“;~;‘)+(~~~)+ 1, and the set system attaining equality is unique. 
We also show that XI= ,(;I:) is a (best possible) upper bound for the union of t intersecting 
k-uniform set systems on the same n-element set, whenever n>(t+2k- l)(k- 1). This result 
strengthens a particular case of the Hajnal-Rothschild theorem. 
1. Introduction 
A k-graph (= k-uniform hypergraph) of order n is a finite set system 2 on 
n elements (=vertices), in which all sets (=edges) HE% have precisely k vertices. 
A k-graph is said to be intersecting if any two of its edges share a vertex. We say that 
X is trivial if nHEJY H #8. Of course, every trivial hypergraph is intersecting. 
Motivated by Helly’s famous theorem in geometry, a k-graph is called a Helly 
family if each of its intersecting subhypergraphs is trivial. (For example, a graph 
[=2-graph] enjoys the Helly property if and only if it is triangle-free. The Helly 
property in k-graphs and in more general set systems has been studied in Cl, 3, 8, 
10-121; see also 12, Section 1.51.) Again, it is clear by definition that every trivial 
hypergraph is a Helly family. 
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Restricting our investigations to the case k > 3, there are some interesting parallel- 
isms between the extremal behavior of intersecting k-graphs and k-uniform Helly 
families. We illustrate this phenomenon with the following results. 
Theorem 1.1 (Erdos et al. [S]). An intersecting k-graph SP of order n82k has at most 
({Z :) edges, with equality only if% is trivial or n=2k. 
Theorem 1.2 (Bollobas and Duchet [3]). For ka 3, a k-unqorm Helly family X of 
order n has at most ({I :) edges, with equality only if 2 is trivial. 
There are lots of generalizations of Theorem 1.1. Here we mention one of 
them, concerning unions of hypergraphs. (It is a particular case of a more general 
result.) 
Theorem 1.3 (Hajnal and Rothschild [6]). For anyfixed natural numbers k and t there 
is an integer n(k, t) such that the union oft intersecting k-graphs SI, . . . . Z”t of order 
n 2 n(k, t) with the same vertex set has at most xi= 1 (!I:) edges, with equality only tfeach 
A?[ is trivial. 
In a previous paper [12], we raised the problem of finding sharp upper bounds on 
the union of Helly families. (Certainly, the union need not satisfy the Helly property.) 
In this note we prove the following analogue of Theorem 1.3. 
Theorem 1.4. For any fixed natural numbers k>, 3 and t < 2k- 2, there is an integer 
n’(k, t) such that the union oft k-uniform Helly families X1, . . . , Xt of order n>n’(k, t) 
with the same vertex set has at most C:_I(~I~) edges, with equality only if each I is 
trivial. 
It is clear that Theorem 1.4, as well as Theorem 1.3, are sharp: there are precisely 
I:= i(;:\) k-element sets meeting a fixed t-element set, and this set system can be 
decomposed into t trivial k-graphs (where the ith one consists of the k-element sets 
containing the ith element of the fixed t-element set). 
The upper bound of Theorem 1.4 will be deduced in Section 4 from the following 
extremal theorem which is the main result of our paper. 
Theorem 1.5. For every integer k > 3 there is an integer n(k) such that every non-trivial 
k-uniform Helly family of order n > n(k) has at most (“;!L; ‘) + (iI $) + 1 edges. Moreover, 
this upper bound is sharp, and the k-graph attaining equality is unique for each 
n >, n(k). 
These unique extremal k-graphs are described in Section 2; the upper bound is 
proved in Section 3. Our Theorem 1.5 is related to Theorem 1.2 in the same way as the 
following well-known extension of Theorem 1.1 to the result of [S]. 
Largesr size and union of HeMy families 321 
Theorem 1.6 (Hilton and Mimer [7]). A nontrivial intersecting k-graph oforder n > 2k 
has at most (i_ i) - (“;k; ‘) + 1 edges, and the hypergraph attaining equality is unique for 
each n. 
Our approach provides an alternative proof for Theorem 1.3 as well, in the 
following sharper form, with a fairly good effective upper bound on n(k, t). 
Theorem 1.7. For anyjxed natural numbers k and t, the union oft intersecting k-graphs 
X1,. . , ~50~ of order n a(t +2k- l)(k- 1) with the same vertex set has at most 
xi= 1 (!I;) edges, with equality only tj” each Xi is trivial. 
Another (more immediate) application of Theorem 1.5 is that one can determine the 
largest size of a k-uniform Helly family of order n with a given (large) maximum 
degree. (The degree of a vertex is the number of edges containing it.) 
Theorem 1.8 For every k 2 3 and n > n(k), the maximum number ofedges in a k-unzform 
Helly family of order n with maximum degree A is equal to A if 
and A+1 if A=f(n,k)-1 or A=f(n,k)-2. 
There are many interesting problems concerning the Helly property which remain 
open. We recall one of them from [12]: 
Is it true that the union of n-k k-uniform Helly families cannot contain all 
k-subsets of an n-set? 
The answer is affirmative (trivially) for n < 2k, but for larger values of n the problem 
is unsolved. It is closely related to the question: For which values of n (and of t) do 
Theorems 1.4, 1.5, 1.7 and 1.8 remain valid? 
Many other problems are raised and discussed in [12]. 
2. The construction and the bound for maximum degree 
Here we construct a nontrivial k-uniform Helly family of order n with 
(“;!;‘)+(;I:)+ 1 edges, for every k33 and nb2k. Let X be a set of n vertices, and 
choose two particular x,y~X. Let X\{x,y}= YuZ such that YnZ=@, IYI=k-1, 
IZI =n- k- 1. Define the hypergraph 9 =9-n, k) as the family of k-subsets F of 
X such that either XEF and ZU{X}XF or F~{x,y}, or F= Yu{y}. 
To see that F(n, k) is a Helly family, it is sufficient to observe the following two 
simple facts: 9(n, k)\{ Yu{y}} is a trivial Helly family (with x in the intersection of its 
edges), and every subhypergraph 9’ of P(n, k) containing Yu(y} either is a trivial 
Helly family again, with y in all of its edges, or else 9’ contains an edge disjoint from 
322 2s. Tuza 
Yu {y}. (In the latter case, the Helly property does not mean any requirement for F’.) 
It is also clear that P(n, k) is nontrivial whenever n ~2k. 
In s(n, k) there is just one edge not containing x, and there are (“;k; ‘)> 2 edges 
(for n > 2k) not containing y. Hence, the ‘uniqueness’ part of Theorem 1.5 immediately 
implies the validity of Theorem 1.8. 
3. Largest size of nontrivial Helly families 
The aim of this section is to prove Theorem 1.4, i.e. that the hypergraph Y(n, k) 
described in Section 2 is the unique nontrivial k-uniform Helly family of order n with 
a maximum number of edges if n is large with respect to k. The proof consists of 
several parts; therefore, we found it convenient to number its steps. 
(1) Suppose that X is a nontrivial k-uniform Helly family of order n, with at least 
(“;k;‘) edges. As observed, e.g. in [3], it follows from the Helly property that every 
HE% has a (k- 1)-element subset S(H) such that S(H) is not contained in any H’EZ, 
H' # H. For each H we fix such an S(H); hence, the number of those (k- 1)-sets is at 
least (“;!; I). The set system {S(H) 1 HEX} will be denoted by Y. 
(2) Each SEY has (k; ‘) (k- 3)-element subsets. Hence, the average number of sets 
SEY containing a (k-3)-subset of the vertex set is at least 
for some constant c = c(k). Applying this fact, we are going to select a set Z in two steps 
as follows. First, choose a (k-3)-set IV’ contained in the largest number of sets SEY. 
The graph with edge set (S\ IV’ 1 SEY, S =) IV’} has at least (1) - cn edges; therefore, by 
Turan’s theorem [9] it contains a complete subgraph K’ of order d’n for some 
constant d’. 
Since the number of (k- 1)-subsets of K’ that do not belong to Y is at most 
0(nkm2 ), the previous argument repeated for K’ yields that, for some (k - 3)-subset IV” 
of K’, there is a complete subgraph K” of order at least d”n (for some constant d”) in 
the graph with edge set {S\W’ISEY, K’ISS W”). 
Note further that K” has at most a constant number of ‘isolated vertices’ in Lf’, i.e. 
all but at most f(k) vertices of K” are contained in some SEY, K” IS. The set of 
nonisolated vertices of K” will be denoted by 2. Moreover, we set B = {S 1 Z=r SEY} 
and %‘“=(SIZuW” ~SEY, SX II“‘}. As we have seen, 121/n does not tend to zero 
when n+co. 
(3) We prove the existence of a vertex v$ W”uZ such that Su(v} is an edge of 
2 for every SE-WU~Y. For an arbitrary SET, consider all sets of P+” that meet S. 
Those sets, together with S, correspond to the edges of an intersecting subhyper- 
graph of &?. The Helly property guarantees that those edges share a vertex v. Clearly, 
v#S. 
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Observe first that v$ Z. Indeed, otherwise we take two vertices v’, V”ES and consider 
the edge W”u{v, v’, v”)E$P. This edge contains three sets of “Ilr, a contradiction to the 
definition of Y. Next, we show I$ W”. Suppose to the contrary, and let H = Su {v} for 
some SET. Consider all sets of Y that contain IV’ and meet H. Those sets together 
with H correspond to an intersecting subhypergraph of .#‘, that should have 
a nonempty intersection w. The vertex w should be in H, however, leading to a similar 
contradiction as the assumption VEZ in the previous case (since lV’ is disjoint from 
K”I H). 
Thus, UI$ w”uZ. It remains to show that S’u (v} is an edge for all S’E”VU~‘. The 
argument given above yields that S’uf~} is an edge whenever (SnS’)\IV”#@ Now 
the claimed property follows by the simple observation that the (nonuniform) hyper- 
graph with edge set %u{S\W” SE%/} is connected. 
(4) Now we define a set T as follows. For every vertex XEX, consider the subhyper- 
graph Y-(x)={S\{x} IxESEY, u$S, SnZ#@}. Let a vertex x#u belong to Tif and 
only if no set of kZ vertices meets all edges of Y-(x). (We do not put u into Tin any 
case.) 
We claim that the number of vertices y$ T is bounded above by a constant c’ = c’(k) 
that does not depend on IZ. Indeed, if some set of k2 vertices meets all edges of Y-(y), 
then the number of (k- 1)-subsets S’EY of X incident to y is at most 
as IZ 1 is proportional to n. On the other hand, the number of (k- I)-subsets not 
belonging to 9’ is at most O(nke2); therefore, the size of X\T remains below some 
constant. 
(5) For every vertex XET, all edges H’EP with XES(H’) and S(H’)\(X}EY-(x) 
contain v. Indeed, Y-(x) contains some set, say S(H”)\{x}, disjoint from W”uS(H’). 
Choose some z’~S(H’)nz and z”~S(H”)nz, and let HE% be the edge with 
S(H) = W”u {z’, z”}. Then H, H’, and H” are pairwise intersecting, i.e. they must share 
a vertex that cannot belong to S(H). Thus, H\S(H)=wH’ as claimed. 
(6) An important property of the set T is that every HE* with (Hn T( 3 2 contains 
v. To prove this, let Hn T= {zl, . . . , z,}, t 3 2. For each zi we choose an edge High 
such that the set Hi\{Zi} belongs to Y-(Zi) and is disjoint from (lJj<iHj)uHu W”. 
Those edges can be selected since no set of k2 vertices meets all edges of any ~“-(Zi). 
Then (H} u {Hi I 1 <i < t} is an intersecting subhypergraph of 2, and v can be the only 
vertex contained in all of its edges. 
(7) We conclude that 1 X\ TI 3 k, for otherwise no edge H, with u$H, can meet Tin 
less than two vertices; hence, (X\T( < k would imply the contradiction that 2 is 
trivial. We are going to estimate the size of 2, first proving that if 1 X\TI > k then 
x has fewer edges than Y(n, k). Set Q=X\T. 
(i) The number of edges HE% with Tu(v} IS(H) is at most (,I_‘/). Indeed, all of 
those edges contain u, by (6). Moreover, if there are m edges H with ueS(H), 
Tu{u} 2 S(H), then the m (k-2)-tuples S(H)\(o) are contained in at least 
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m(lT I -k + 2)/(k - 1) > m (k- l)-subsets S’ of T (for sufficiently large n) which 
cannot belong to 9’ because otherwise the edge H’= S’u{v} of 2 would contain 
SW). 
(ii) The number of edges HEA!’ with u$S(H)nQ #0 is at most 0(nkm3). To prove 
this, we choose a vertex yES(H)nQ for each such edge H. The sets S(H) belonging to 
the same y meet some set M = M(y), 1 M I< k2, because y# T. Thus, the number of those 
edges is at most I Q I ( MI (“k?yi). Since I Q I and I M ( are bounded by constants (depend- 
ing on k only), the upper bound follows. 
(iii) The number of edges HEX with IS(H)nQI 22 is at most 0(nkm3). This 
claim is a simple consequence of the fact that I QI does not tend to infinity 
with n. 
Since each HEI? satisfies the suppositions of (i),(ii), or (iii), we obtain that 
IX”16 ,‘y 
( > 
+ O(C3). 
Comparing this upper bound with the size of 9(n, k), we see that Theorem 1.5 is 
proved for all cases when I TI #n-k. 
(8) From now on we can assume ) T I = n - k. Since 2 is nontrivial, it has an edge 
H* which does not contain v, and therefore it has precisely one vertex a* in T. Note 
that v* is contained in every HEX with VEH and HnH* #f$, for otherwise we could 
find an edge H’ meeting H* just in u* (as u*ET) and meeting H at least in u, 
a contradiction to the Helly property. Moreover, every edge not incident to u meets 
Tin just one vertex, and hence it entirely contains the (k-1)-set Q* = H*\{u*}. 
If H * is the unique edge containing Q*, then the theorem follows easily, since every 
edge H # H* either contains both of v and v*, or else it contains v and is disjoint 
from H*. 
Finally, if there are at least two edges containing Q*, then an estimate similar to that 
given in (7) will show that ~4? has fewer edges than P(n, k). Let .#‘* be the subhyper- 
graph of 2 consisting of the edges that meet, but do not contain, Q*. Assume that the 
edges of &?* cover n* vertices of Tin all. Denote by T* the set of those n* vertices, and 
suppose that m* edges contain Q* that are disjoint from T*. Since the edges of X’* 
meet in v and they also meet all edges containing Q*, they must have at least one 
common vertex within some edge H IQ* as well, by the Helly property. For this 
reason, the theorem follows if n* < 1. Otherwise, we can estimate the size of 2 by 
applying the upper bounds 
(n*;:;2j + n* + m* for the number of edges meeting Q*, 
since all but m* of them are contained in the (n* + k)-element set T* u Q* LJ {u}, and 
they contain either Q* or all (at least two) vertices of {~}u(Q*n(~~~~~ H); 
m* 
n-k-d-m* 
k-2 
for the number of edges disjoint from T*uQ* 
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that meet precisely one of the m* edges, since all of them contain u; 
for the number of edges disjoint from Q* 
and also from the m* edges containing Q*, since all of them contain u. 
There are no other edges in 2, for otherwise we could find three pairwise intersecting 
edges without a common vertex, contradicting the Helly property. Consequently, 
It is a matter of routine to show by induction - from the pairs (n - l), k and n, (k - 1) 
of values to the pair n, k - that this upper bound is always smaller than 
(“;k; ‘) +(;I;) + 1, implying that A? has fewer edges than F(n, k). This observation 
completes the proof of Theorem 1.5. 
We note that in step (4) in the definition of T the number k2 can be replaced by 
a smaller one, e.g. by 2k. This modification results in a better bound on n(k), but 
probably the improvement is still very far from best possible. We expect that a sharp 
estimate on n(k) is constant times k. 
4. Largest union 
Here we show how Theorem 1.4 can be deduced from Theorem 1.5. Let n be large, 
say n an(k)+ t- 1 where n(k) is the integer involved in Theorem 1.5. Note that 
Theorem 1.4 is true for t = 1, by Theorem 1.2. (The latter also implies the uniqueness of 
the k-uniform Helly family of order n with (i I :) edges, for every k 3 3.) 
Hence, from now on assume t 3 2 and let X’i, . . , Xt be k-uniform Helly families on 
the same n-element vertex set. If some of them, say s$?~, is intersecting (and hence 
trivial by the Helly property), then we can assume, without loss of generality, that it 
consists of all k-sets containing a fixed vertex u. In this case the hypergraphs J?‘~\J?‘~ 
(1 did t - 1) are Helly families on the same (n- 1)-element vertex set, so that their 
union has at most xi=, (:I:) edges, by the induction hypothesis applied to n- 1 and 
t - 1, and the theorem follows. 
If none of the Si is trivial, then, by Theorem 1.5, the size of their union cannot 
exceed 
where a = t/(k - l)! and 
k-l 
,I (k+i) 
b=t ‘;;-l)! -(k-2)! =t 
1 ) (2:)-(k:1)-k+1 t(3k-2) 
=p 
(k-l)! 2(k-2)!’ 
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On the other hand, the union of t trivial families can be as large as 
and 
1 
f k-2 
‘=(k- I)! i=l j=. @+‘)=(k- I)! cc +(k-1); i+txj) 
=&((k-l)(‘+l)L+‘(k-l)(k-2))=‘;(;!;);). 
Since a’ = a and b’ < b for t < 2k - 2, the union of the t families cannot have a maximum 
size if some pi is nontrivial, for n large. 
5. Largest union of intersecting families 
In this last section we derive Theorem 1.7 from Theorem 1.6 in the same way as we 
deduced Theorem 1.4 from Theorem 1.5 in Section 4. For t= 1, the statement follows 
from Theorem 1.1. Moreover, if the edges in some of the hypergraphs Pr, . . . , .Xt 
share a vertex, then a trivial induction works from t - 1 hypergraphs of order n - 1 to 
t hypergraphs of order n. Otherwise, each pi has at most ($1 i)-(“;!L; ‘) + 1 edges 
(whenever n>2k), so that the theorem follows if 
Applying the computation given in Section 4, we obtain that the right-hand side is 
larger than 
S(l)=&&- 
t(t+k-ll)nk-2 
2(k-2)! ’ 
It is also easy to see that the left-hand side is smaller than 
tk k-2 
w=(kn . 
Since S(l)>S(2) for n>(t+2k-l)(k- l), the proof is done. 
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